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Abstract—Inferring appropriate information from large datasets has be-
come important. In particular, identifying relationships among variables
in these datasets has far-reaching impacts. In this paper, we introduce
the uniform information coefficient (UIC), which measures the amount
of dependence between two multidimensional variables and is able
to detect both linear and non-linear associations. Our proposed UIC
is inspired by the maximal information coefficient (MIC) [1]; however,
the MIC was originally designed to measure dependence between two
one-dimensional variables. Unlike the MIC calculation that depends on
the type of association between two variables, we show that the UIC
calculation is less computationally expensive and more robust to the
type of association between two variables. The UIC achieves this by
replacing the dynamic programming step in the MIC calculation with a
simpler technique based on the uniform partitioning of the data grid.
This computational efficiency comes at the cost of not maximizing
the information coefficient as done by the MIC algorithm. We present
theoretical guarantees for the performance of the UIC and a variety of
experiments to demonstrate its quality in detecting associations.

1 INTRODUCTION

NE of the challenging issues for data scientists is to
Oinfer useful information from large datasets contain-
ing hundreds of variables which some of them may have
interesting but unexplored relationships with each other.
This is due to the examples of massive datasets in different
areas such as: social networks, astronomy, genomics, medi-
cal records, and political science. Hence, it is an important
problem to design algorithms that are able to discover
associations between different variables in a large dataset.

Measuring the amount of dependence between variables
has been extensively studied in the literature and several
methods have been proposed for it. Classical works are but
not limited to the Pearson correlation coefficient (PCC) I,
correlation ratio [2]-[4], maximal correlation [5], and Spear-
man correlation coefficient [6].

Mutual Information [7] is a measure that we can use
for the quantification of dependency between two variables
and has been a focus of several recent works [1], [8]. There
are different methods (e.g., kernel density estimation) for
estimating mutual information [9]-[19]. A recent line of
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lpxy = C";;)i’:) where cov(X,Y) is the covariance between
X and Y and ox and oy are the standard deviation of X and Y,
respectively.

work for computationally efficient estimation of mutual
information is based on the k-nearest neighbors graph or
minimal spanning trees of the graph of data points. We refer
interested readers to [20]-[22] and references therein.

The Maximal Information Coefficient (MIC) [1] is recently
proposed for quantifying dependency between two one-
dimensional random variables. It is mainly based on calcu-
lating the largest possible mutual information between the
two variables. The probability distribution corresponding to
each variable comes from a two-dimensional grid that the
MIC algorithm imposes on the dataset. The MIC bins the
dataset in a two-dimensional grid by equipartitioning one
axis and using dynamic programming to partition the other
axis in order to maximize the mutual information between
the two variables. It uses dynamic programming [23] as an
optimization method to break the problem of finding the
optimal data grid into a sequence of simpler problems. It
has two main properties that make it superior in comparison
with the aforementioned measures. First, it has generality
meaning that if the sample size is large enough, it is able
to detect different kinds of associations rather than specific
types. Second, it is an equitable measure meaning that it gives
similar scores to equally noisy associations no matter what
type the association is.

However, the MIC has three major problems that mo-
tivated this work. First, MIC’s computational cost grows
rapidly as a function of the dataset size. Second, compared
to other measures of dependency, the MIC has shown
lower statistical power in detecting associations for small
size datasets. Third, using MIC for detecting associations
between multidimensional variables is computationally ex-
pensive. Since MIC’s computational cost may become in-
feasible, Reshef et al. in [1] have applied a heuristic so
as not to compute the mutual information for all possible
grids. This heuristic application may result in finding a local
maximum of mutual information. Authors in [8] introduced
the ChiMIC as a new method to compute the MIC values
while resolving the aforementioned drawbacks. However,
their approach is also limited to one-dimensional variables
and as we show later is computationally expensive as well.

In this paper, we develop a new measure of dependency
inspired by the MIC. Our measure is based on replacing the
dynamic programming application used in the computation
of the MIC with uniformly binning the data grid. The trade-
off here is that our proposed method is time efficient at the
cost of not maximizing the mutual information between



the two variables. However, with theoretical guarantees,
we show that our proposed method is able to detect both
functional and non-functional associations between differ-
ent variables, similar to the MIC while more time efficiently.
In addition and from the statistical power point of view,
we show through a series of experiments that our proposed
measure is more powerful than the MIC and gives signifi-
cantly fewer false positives in detecting associations.

In a conference version of this manuscript [24], we intro-
duced our efficient algorithm for two one-dimensional vari-
ables. The current manuscript generalizes our algorithm for
detecting associations between two multidimensional vari-
ablesx = (21,...,2m) € R"andy = (y1,...,yq) € R%. We
should note that detecting associations between two multi-
dimensional variables is also possible by using the original
MIC algorithm. Let x = (21,...,%m) and y = (y1,...,Yq)
be the two variables that we are interested in detecting
associations between them. We can use MIC to check if
there is any association between z; (1 < 7 < m) and y;
(1 < j < g). While this method needs mg times of running
the original MIC algorithm to measure the dependency,
our algorithm finds associations with a one-time uniformly
partitioning the multidimensional data grid. Therefore, our
algorithm is significantly computationally more efficient.

While in this paper we assume that the dataset is fixed,
there are important scenarios that we have a dynamic
environment (e.g., in recommendation systems) and are
interested to detect associations between different variables.
One prominent example is the class of networked ban-
dit problems where the goal is to recommend items to
users not only based on their individual activity, but also
based on the underlying network of relationships between
different users. Recent works such as [25] and references
therein have explored the idea of graph clustering for this
class of problems. Another example is [26] where authors
have introduced context aware clustering of bandits for
collaborative recommendation tasks. Similar to our work in
using a k-nearest neighbors style algorithm for detecting
noisy associations, [26] estimates user neighborhoods for
collaborative recommendation tasks. Finally, authors in [27]
have introduced the idea of using data smashing principles
to quantify the association between two data streams.

The rest of this paper is organized as follows. In Section
2, we review the MIC and the algorithm used to compute
it from [1]. In Section 3, we introduce our new measure of
dependency that is a modification to the MIC. We present
experimental results in Section 4. Finally, Section 5 includes
the conclusions of the paper and we have included the
proofs of our main results in the Appendix.

2 BACKGROUND
2.1 MIC Definition and Properties

For any finite dataset D which contains ordered pairs of
two one-dimensional random variables, one can partition
the first element, i.e., z-value of these pairs into /,, bins and
similarly partition the second element or y-value of these
pairs into ¢, bins. As a result of this partitioning, we will
have an ¢,-by-{, grid G. Each cell of this grid may or may
not contain some sample points from the set D. This grid
induces a probability distribution on the cells of G, where
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Fig. 1. Partitioning of D into £, columns and ¢, rows. D;; denotes the
set of sample points located in the i-th row and the j-th column. Figure
is adopted from the conference version of this manuscript [24].

the corresponding probability of each cell is equal to the
portion of sample points located in that cell. That is,
| Dij |
Dijg = )

M

where p;; denotes the probability corresponding to the cell
located at the i*" row and the j*" column and | D;;| denotes
the number of sample points falling into the i-th row and
the j-th column. See Figure 1 for a graphical view of the
grid G. It is obvious that for each (¢,,¢,), we will have a
grid that induces a new probability distribution and hence
results in a different mutual information between the two
variables.

Let I}, (P; Q) = maxg Ipjc(P; Q) be the largest pos-
sible mutual information achievable by an ¢,-by-¢, grid G
on a set D of sample points. P and @ are the partitions
of x-axis and y-axis of grid G, respectively. In order to
have a fair comparison among different grids, the computed
values of mutual information should be normalized. Since
I(P:Q) = H(Q) — H(Q|P) = H(P) — H(P|Q), we divide
Ij_i)lG(P; Q) by log(min(¢;, ¢, )). Therefore, we have

1*3|G (P;Q) <1
<S———— = <L @)
log(min(fz, £,))
This inequality motivates the definition of the MIC as a mea-

sure of dependency between two variables. For a dataset D
containing n samples of two one-dimensional variables,

}3|G(P§Q)

MIC(D) = _pie ¥l 3
(D) eweﬁajﬂ;{(n) log(min (¢, ¢y)) ®)
where B(n) = n%% or more generally w(1) < B(n) <

O(n*=¢) [1] where w(.) and O(.) are standard time com-
plexity notations. According to this definition, the MIC has
the following properties:

e 0<MIC(D)<1.

e MIC(z,y) = MIC(y, x).

e MIC is invariant under any order-preserving trans-
formation applied to the dataset D.

e MIC is not invariant under the rotation of coordinate
axes, e.g., if y = z, then MIC(D) = 1. However, after
a 45° clockwise rotation of the coordinate axes, we
have y = 0 and hence MIC(D) = 0.
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Fig. 2. OptimizeXAxis [1] considers only consecutive points falling into
the same row and draw partitions between them. The set of consecutive
points falling into the same row is called a clump.

2.2 MIC Calculation Algorithm

Here we only review the OptimizeXAxis algorithm which is
used in the computation of the largest mutual information
achievable by an /¢;-by-¢, grid and refer the interested
readers to [1] for the full description of the MIC algorithm.
Any {,-by-{, grid imposes two sets of partitions on z-values
(columns of grid) and y-values (rows of grid). We indicate
columns of the grid by (c1, ¢, . .., ¢, ) where ¢; denotes the
endpoint (largest z-value) of the i-th column.

Since I(P, Q) is upper-bounded by H(P) and H(Q), in
order to maximize it, one can equipartition either the x-
axis or y-axis, i.e., impose a discrete uniform distribution
on either ) or P. Without loss of generality, we consider
the version of the algorithm that equipartitions the y-axis.
However, it is obvious that we should check both of the
cases (equipartitioning either the x-axis or y-axis) separately
for each /,-by-{, grid and choose the maximum resulting
mutual information.

Let H(P) denote the entropy of distribution imposed
by m sample points (m < |D| = n) on the partition of
x-axis. Similarly, let H(Q) denote the entropy of distribu-
tion imposed by m sample points (m < |D| = n) on
the partition of y-axis. Since we have assumed that the
y-axis is equipartitioned, H(()) is constant and equal to
log(|Q|). Finally, let H(P, Q) denote the entropy of distri-
bution imposed by m sample points (m < |D| = n) on
the cells of grid G which has x-axis partition P and y-
axis partition Q. Since I(P;Q) = H(Q) — H(Q|P) and we
have already maximized H((Q) by equipartitioning the y-
axis, to achieve the highest mutual information, we have
to minimize the H(Q|P). An alternative formula for the
mutual information is I(P; Q) = H(Q) + H(P) — H(P, Q).
Since H(Q) is constant, the OptimizeXAxis only needs to
maximize H(P) — H(P, Q). The following theorem [1] is
the key to solve this problem.

Theorem 2.1. For a dataset D of size n and a fixed row
partition @, and for every m,l € N, if we define F(m,l) =
maxp(1:m), | p|={H(P) — H(P,Q)} then for I > 1 and
1 < m < n we would have the following recursive equation

Flm,1) = max {--F(i,l—1) - %H((i,m),Q)}. @)

1<i<m m

Proof. See proposition 3.2. in the supplementary file of [1].
O
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The OptimizeXAxis algorithm (Alg. 2 in the supplemen-
tary material of [1]) uses dynamic programming technique
motivated by Theorem 2.1 to minimize the H(Q|P). It
ensures F'(n,l) that is the desired partition of dataset D
(which has n sample points) having [ columns imposing
partition P over x-axis. In order to minimize the H(Q|P),
OptimizeXAxis considers only consecutive points falling into
the same row and draw partitions between them. The set of
consecutive points falling into the same row is called clump.
See Figure 2 for a graphical view of clump.

There are three major drawbacks in OptimizeXAxis Al-
gorithm if one wants to use it for detecting associations
between two variables. First, it is computationally expen-
sive. If there exists k clumps in the given partition of an ¢,-
by-¢, grid, the runtime of this algorithm would be O(k?).
If there is a functional association between two variables,
then the number of clumps in the corresponding grid is
pretty small. However, for noisy or random datasets it is
easy to imagine that the number of clumps is very large and
hence, the computational complexity of the OptimizeXAxis
Algorithm would be large.

The second drawback of OptimizeXAxis Algorithm is
that compared to other statistical measures and for at least
small size datasets, it gives a higher false positive rate
in detecting associations. In other words, it shows lower
statistical power.

The third drawback is that OptimizeXAxis Algorithm is
exclusively designed for detecting associations between two
one-dimensional variables. If we want to use OptimizeXAxis
Algorithm for association detection in a multidimensional
setting, we need to break the problem into one-dimensional
setting and check each pair of entries from the two variables
separately as we discussed in the introduction. In other
words, if the first variable is m-dimensional and the second
variable is g¢-dimensional, we need to run OptimizeXAxis
Algorithm for mg times that could be computationally
expensive. We will illustrate this with examples in Section
4.

3 ALGORITHM

In the following, we introduce the uniform information
coefficient (UIC) as an efficient alternative to the MIC that
does not have any of the aforementioned drawbacks. We
first describe our algorithm in the noiseless setting and then
show how one can use a k-nearest neighbor style method to
reduce the noise and detect associations more effectively in
the noisy setting.

In order to emphasize on the multidimensionality of data
points, in the rest of this paper we denote our dataset by
D = {(x;,y:)}; where x = (), 2® ... z(™)andy =
(yM,y@ ... y@). Here n shows the number of samples
and the superscript j as in () denotes the j-th component
of x.

3.1 Noiseless Setting

In this section, we describe the UIC calculation algorithm
for the noiseless setting. The algorithm we propose in here
for replacing the OptimizeXAxis Algorithm is uniform par-
titioning (Algorithm 1). Let y(] ) = min; ygj ) and yr(rjl»)m =

min



max; yZ] ) for every 1 < j < gand similarly xffu)n = min; xgj )
and xfngx = max; T EJ) for every 1 < j < m. We then

partition both x and y axes such that all the axes corre-
20 @)
sponding to x have length %

min for every 1 < 7 < m

and similarly all the axes corresponding to y have length
(9) (4)

% for every 1 < j < q. We call this new measure,

that is derived by replacing the OptimizeXAxis Algorithm
with Algorithm 1, by the uniform information coefficient
(UIC). The following proposition shows that when there
exists a functional association between two variables (with
finite gradient), the UIC will approach 1 as the sample size
grows. Without loss of generality, we do all the proofs in
the case that (x,y) € [0,1]™ x [0, 1]9. These proofs could be
easily generalized to other cases where the support sets of x
and y have finite volume.

Algorithm 1 UniformPartition(¢,, £,)

Inputs: Dataset D

Parameters: ¢, and ¢, are integers greater than 1

Output: Returns a score I* which is the value of I(P;Q)
where P and Q are distributions from uniform partitioning
of axes corresponding to X and Y.

1: P <= Uniform partition of X-axes by ¢, columns such

that for every 1 < j < m, X\ partitions has length
MO JC))

Tmax min

[
2: Q ¢+ Uniform partition of Y-axes by ¢, columns such

that for every 1 < j < ¢, Y partitions has length

€]
v~y

2y
3. [* = "H(P)+H(Q)—H(P.Q)
: log(min(£y,¢y))
4: return I*

Proposition 3.1. If D = {(x;,y;)}", where y = h(x), h :
R™ — RYand 0 < |[VhY)(x)| < oo for 1 < j < q, then
lim,,_, oo UIC(D) = 1.

Proof. See Appendix A. O

If x and y are independent, then according to the follow-
ing Proposition we have lim,,_,, UIC(D) = 0.

Proposition 3.2. If D =
lim,, 00 UIC(D) = 0.

Proof. See Appendix B. O

{(xi,yi) ", where x 1y, then

3.2 Noisy Setting

In this section we study the performance of the UIC in
the noisy setting. We first give a lower-bound on its value
when the two variables x and y have a noisy functional
association in which the noise is bounded. After that, we
study the case of unbounded noise.

For the bounded noise case, without loss of generality,
we assume that x/) ~ U[0,1] for 1 < j < m and the
noise has a uniform distribution. Specifically, we assume
that sample points (x;,y;) have the form (x;, h(x;) + zc)
where z\/’ ~Ul—¢ €l forl <j<gq.

For every j where 1 < j < ¢, we define y

M . In Algorithm 1, we only divide the y-axis corre-

spondmg to y7) into two sections by drawing a hyperplane
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Fig. 3. Using k-nearest neighbors method to reduce the effect of noise
in noisy relationships. We replace each point with the average of its
neighbors in its 4,,-neighborhood.

at yr(fli)d. If we call this partition of y by QUY), we can
define the corresponding entropy and denote it by H(Q()).
Among all possibilities of partitioning axes corresponding
to y entries, we consider the one that gives us j* =
argmax; H(QU)) (equivalently H(Q*) = max; H(QW))
and accordingly partition axes corresponding to y into two
regions by drawing a hyperplane at y ;.

In addition, similar to Algorithm 1 we divide the axes
Correspondm% to x into ¢, columns each having the length
7 smcex( ~ U0,1] for 1 < j < m) LetDl =

{(xzaYz)b’ < ¥Ymia} and Dy = {(X%W)‘Yi > Yinid)-
Similar to the noiseless setting, we use P and Q to de-
note the partition of the axes corresponding to x and y,
respectively. Having this setting and notations in mind,
the following Corollary gives a simple lower-bound for the
UIC(D) in this case.

Corollary 3.3. Let r be the number of subspaces in P in which
there exists a sample point (X,¥) such that [y — y* .| < e.
Then, UIC(D) is lower-bounded by

[D|log(|D|) — [D1[log(|D1]) — [Ds[log(|Ds|) 7
D] ey

x

Proof. See Appendix C O

The main issue with generalizing this lower-bounding
idea to other noise distributions is that noise values could be
unbounded. Hence, we use the idea of replacing a data point
with the average of its k-nearest neighbors. In other words, for
every X; in our dataset, we replace the noisy y; = h(x;) +2;

. — E”C: h(x~)+Z'
with y; = “1#”, where {x;,,Xi,,...,X;, } are the

k-nearest neighbors to x; in the Euclidean space. This idea will
help us to reduce the effect of noise so as to come up with
a consistent version of the association detector. We study
this idea for the case that noise is drawn from a Gaussian
distribution N (0, o?1).

For each sample point, we consider its d,,-neighborhood
(we use subscript n to show the dependency on the size of
the dataset n). We replace each data point with the average
of sample points located in its §,,-neighborhood (Figure 3).
The following lemma characterizes the fraction of sample
points in this neighborhood.

Lemma 3.4. Let x(V) be uniformly distributed for 1 <t < m,
ie, xM ~ U[0,1] and z ~ N(0,021). If (x;,y;) denote the



i-th data point in D where y; = h(x;) + z; and N; = {x; €
D| (vt,1 <t <m) x\” —x\"| < 6,}, then lim,,_. Xl =
(26,,)™.

Proof. See Appendix D. O

Lemma 3.4 lets us estimate the number of data points in
dn-neighborhood of every sample as ¢, = n(2d,)™ in the
asymptotic setting.

Assume that each of h(-)’s components is a Lipschitz
continuous function of order 3, i.e., for all 1 < t < q we
have

[0 (v) = b (w)] < Kllv w5,

where k is a constant which depends on the function
h(-). If we estimate and replace the y-value of each noisy
sample point with the average of sample points in its d,,-
neighborhood denoted by A(-), in the case of Gaussian noise
(z ~ N(0,0°1)) we can bound the estimation risk as

i=1
1 <& _ ‘
== YN E [(h(])(xi) _ h(a)(xi))z]
1=1j=1
1l I S 9n (h(j)(xr,) + Zgj)) ‘ 2
= — Z E ( Ti=S81 (b 7 . h(])(xl))
i=1j=1 L n
- 4 | e
104 Eij231(h(J)(x”) — h9)(x;)) +z£{)
1=1j5=1 L "
[ 2
1l Z‘::’;Sl(h(ﬂ)(x“) — h9(x;))
—ye|( :
=1j=1 | n
N2
IS ZS‘?’E zgj.)
+ — E ri=sy 7T
2
11 Soien kllxp., —xl||§ o2
S - E Ti=s81 i 17
" ( on 5,
28
gk*mP o qi2
2267, % on

In order to minimize the estimation risk we can take deriva-
tive with respect to ¢,, and set it to 0. Therefore, the ¢,
which minimizes the estimation risk is

* 277/3-*-1 22’802 l_ﬁlﬁ—l
o= "N s A (6)

We use this ¢}, later to to bound the noise. The following
well-known lemma gives a tail bound for the maximum of
Gaussian variables, i.e., noise values in here.

Lemma 3.5. If z1,2s, ..., 2, are i.id. drawn from N(0,o?l),
, 42
then P{maxi<i<pn \zz(-])| >t} < Iness? forall1 <j<gq.

By using the k-nearest neighbors method, each zgj ) is
replaced by ZEJ ) which is the average of ¢, iid. noise
values and hence its variance is reduced by the factor of
¢p. This idea motivates the following corollary which lets

us to reduce the effect of noise.

Periodic

/
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Sin (Diff. Freq.) Sin (Single Freq.)

Fig. 4. Functional associations we have used to test the MIC and UIC.
Corresponding results are available in Tables 1 and 2.
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Corollary 3.6. By using the k-nearest neighbors method, z

sl . _()
== P and as a result lim,, oo Maxi<i<n |Z;'| = 0 for
1<j7<q

Proof. See Appendix E. O

In the next section we show how the UIC works in
practice comparing to the MIC

4 EXPERIMENTAL RESULTS

In this section, we study the performance of our proposed
measure. We first focus on one-dimensional variables and
show how it works for functional and non-functional asso-
ciations. Next, we show results from experiments on one-
dimensional variables having noisy associations and com-
pare our proposed method with the MIC from statistical
power point of view. After that we move to multidimen-
sional variables and study the performance of our proposed
measure in the multidimensional setting. We refer interested
readers to [1] for a comprehensive comparison between the
MIC and other measures we are not reporting them here.

As we mentioned previously, since the computational
complexity of the dynamic programming step in the Opti-
mizeXAxis Algorithm of the MIC is considerably large, the
authors in [1] use a heuristic approximation by restricting
the number of clumps. The implementation of this method
is available in [1]. In all of our experimental results, we have
used this implementation for calculating the MIC values.
In addition to the MIC [1], we have also compared our
results with a recent modification of the MIC that is called
ChiMIC [8]. For the ChiMIC, we have used the MATLAB
implementation provided by the authors. Compared to the
conference version of this manuscript [24], for calculating
the UIC we have used an improved implementation of
Algorithm 1. The Python implementation of our work is
available online 2. However, when we compare against other
methods, we use a MATLAB implementation to have a fair
comparison between different computational complexities.

All values reported in this section are the average of 100
Monte-Carlo sample experiments. We should also mention
that entropy calculation in this section is based on the
probability assignment we described in (1).

2. https:/ /github.com/alimousavil988/UIC



TABLE 1: Values and runtime (in sec) of MIC(D) and
UIC(D) for different functional associations in Figure 4. In
this set of experiments |D| = 200.

Association n = 200
MIC | Time | ChiMIC | Time | UIC | Time
Linear 1 0.18 1 0.005 1 0.001
Parabolic 1 0.18 1 0.005 1 0.001
Periodic 1 0.25 1 0.01 | 0.92 | 0.001
Cubic 1 0.19 1 0.005 | 0.95 | 0.001
Sin (Diff. Freq.) 1 0.22 1 0.01 | 0.72 | 0.001
Sin (Single. Freq.) 1 0.39 1 0.01 | 0.95 | 0.001
Chirp 0.76 0.4 0.38 0.01 | 0.31 | 0.001

TABLE 2: Values and runtime (in sec) of MIC(D) and
UIC(D) for different functional associations in Figure 4. In
this set of experiments |D| = 5000.
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Fig. 5. Non-functional associations we have used to test the MIC and
UIC. Corresponding results are available in Tables 3 and 4.

TABLE 3: Values and run time (in sec) for calculation of
MIC(D) and UIC(D) for different non-functional relation-

. n = 5000 ships in Figure 5. For this set of experiments, |D| = 200.
Association MIC | Time | ChiMIC | Time | UIC | Time
Linear 1 0.75 1 0.7 1 0.18 L. n = 200

Parabolic T | 076 1 07 T | 018 Association MIC | Time | ChiMIC | Time | UIC | Time

Periodic T | 9.00 1 07 | 0998 | 0.18 Circle 063 | 021 0.6 001 | 0.23 | 0.001

Cubic T | 077 1 23 | 099 | 0.18 Sinusoidal Mixture | 0.58 | 0.22 0.55 0.01 | 0.49 | 0.001

Sin (Diff. Freq) T | 954 1 27 | 0995 | 0.8 Two Lines 083 | 021 0.82 0.01 | 0.68 | 0.001

Sin (Single. Freq) | 1 | 9.46 1 2.8 | 0998 | 0.18 Random 0.18 | 045 0.06 0.01 | 0.06 | 0.001
Chirp T | 981 1 32 | 086 | 0.8

4.1 Noiseless Setting

Figure 4 shows functional associations between two one-
dimensional variables on which we have tested the per-
formance of the MIC, ChiMIC, and UIC. These associa-
tions are linear, quadratic, periodic, cubic, multi-frequency
sinusoidal with discontinuity (sin(4nz) for 0 < z < 0.5
and sin(8mz + 7/2) for 0.5 < x < 1), single frequency
sinusoidal (sin(47x) for 0 < x < 1), and chirp (sin(z*%) for
0 < x < 4n). Table 1 summarizes results for the case that
there are 200 sample points. For all functional associations
except the chirp function MIC(D) = 1 and ChiMIC(D) = 1
in Table 1. However, UIC(D) = 1 only for linear and
parabolic associations.

The differences between the MIC and UIC are reasonable
for all cases except for the multi-frequency sinusoidal and
chirp associations. The main issue with these functions is
their high-frequency components. Due to the uniform parti-
tioning of the data grid, the UIC is able to fully capture high-
frequency components in functional associations when the
grid is fine enough. As a result, as we increase the number
of samples and have finer grids, the UIC value catches up
with the MIC value. As an example, in Table 2 that we
have increased the number of samples to 5000, the difference
between the UIC and MIC is almost zero for multi-frequency
sinusoidal and significantly smaller compared to Table 1
for the chirp function. In addition, for other functional
associations in Table 2, the UIC value is almost equal to the
MIC value because of the increased sample size and having
finer grids. If we compare the running time values in Tables
1 and 2 we can see that:

o There is a tradeoff between accuracy and time com-
plexity. The UIC is less computationally expensive
compared to the MIC and ChiMIC at the cost of not
maximizing the mutual information. This is mainly

due to using uniform partitioning rather than dy-
namic programming. In addition, this is the main
reason why UIC’s outputs do not match the MIC’s
outputs in the small-sample regime.

e The running time of the UIC algorithm is indepen-
dent of the type of association while this is not the
case for the MIC and ChiMIC. The major reason for
this difference is that unlike the UIC, the construction
of the initial data grid in the MIC and ChiMIC
calculation depends on the type of association.

Tables 3 and 4 summarize results for non-functional
associations presented in Figure 5. As we mentioned before,
unlike the MIC that uses dynamic programming to strictly
maximizes the information coefficient (IC) for each grid
size ({5, £,), the UIC’s algorithm does not strictly maximize
the IC for each grid size (¢;,¢,) and instead uses uniform
partitioning. In general, this point results in having smaller
values for the UIC compared to the MIC. As a result, for
detecting associations that we expect the value of the MIC
to be significantly small (e.g., random samples or z L y),
the UIC works better than the MIC since it outputs smaller
values than the MIC in general.

As an example, the ideal MIC and UIC for random
sample points is 0; however, as we can see MIC(D)=0.18
and UIC(D)=0.06 when n = 200 and MIC(D) = 0.07 and

TABLE 4: Values and run time (in sec) for calculation of
MIC(D) and UIC(D) for different non-functional relation-
ships in Figure 5. For this set of experiments, | D| = 5000.

Association n = 5000
MIC | Time | ChiMIC | Time | UIC | Time
Circle 0.71 | 16.92 0.7 2.3 0.58 | 0.18
Sinusoidal Mixture | 0.66 | 16.76 0.64 2.5 059 | 0.18
Two Lines 0.83 | 9.00 0.8 2.6 0.83 | 0.18
Random 0.07 | 19.95 0.01 2.8 0.01 | 0.18
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Fig. 6. Power of the MIC and UIC as a function of the level of noise
added, for eight different types of associations. We have used 500
Monte-Carlo samples to compute the power in each plot.
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Fig. 7. Noisy non-functional associations we have used to test the MIC
and UIC. Corresponding results are available in Tables 5 and 6.

UIC(D) = 0.01 when n = 5000. This issue is related to
one of the criticisms made about the MIC in the literature
[28]. One of the drawbacks of using the MIC is that as
a statistical test it has a lower power compared to other
measures of dependency such as distance correlation [28].
In other words, it gives more false positives in detecting as-
sociations. However, according to our experimental results
and Proposition 3.2 this issue is alleviated for the UIC.
Figure 6 compares the MIC, UMIC, and distance cor-
relation [29] from the statistical power point of view. As
shown in Figure 6, we have considered eight different types
of associations with different values of added noise. For
each association, we have considered 500 null datasets (i.e.,
datasets with x and y being independent) to estimate our
rejection regions for an alternative with level 0.05. Once
we had the rejection regions, we used another 200 sample
datasets to estimate the power for each association. As we
can see in Figure 6, the UIC has larger power than the MIC
in all cases except for the high-frequency sinusoidal associ-
ation. Furthermore, the UIC and distance correlation have
comparable performance. In five cases distance correlation
outperforms the UIC; while in the other three cases the UIC
outperforms distance correlation. Figure 6 basically shows
that by using the UIC rather than the MIC we will have
significantly fewer false positives in detecting associations

7

TABLE 5: Values and run time (in sec) for calculation of
MIC(D) and UIC(D) for different noisy non-functional rela-
tionships in Figure 5. For this set of experiments, | D| = 200.

Association n = 200
MIC | Time | ChiMIC | Time | UIC | Time
Circle 054 | 0.23 0.53 0.015 | 0.22 | 0.001
Sinusoidal Mixture | 0.57 | 0.22 0.54 0.015 | 0.47 | 0.001
Two Lines 0.80 | 0.22 0.75 0.012 | 0.65 | 0.001

TABLE 6: Values and run time (in sec) for the calculation
of MIC(D) and UIC(D) for different noisy non-functional
relationships in Figure 5. In these experiments, | D| = 5000.

Association n = 5000
MIC | Time | ChiMIC | Time | UIC | Time
Circle 0.51 | 17.31 0.49 3.9 0.39 | 0.18
Sinusoidal Mixture | 0.64 | 17.12 0.62 3.9 0.55 | 0.18
Two Lines 0.74 | 10.92 0.74 3.7 0.72 | 0.18

between variables of our datasets.

Tables 3 and 4 report running time of the MIC and UIC
calculation for non-functional associations as well. In the
case of non-functional associations, we have more clumps
in the initial grid of sample points for the calculation
of the MIC. Hence, if we compare Table 4 with Table 2
we can see that compared to functional associations, it is
computationally more expensive to compute the MIC for
nonfunctional associations. On the other hand and as we
previously mentioned, if we relax the dynamic program-
ming step with uniform partitioning in calculating the IC,
we come up with the UIC that approximates the MIC but at
the same time is computationally more efficient as a result
of this trade-off. Since the UIC is dealing with uniform
partitioning of the grid of sample points instead of applying
dynamic programming, the type of an association between
two variables does not have an impact on its running time.

4.2 Noisy Setting

Tables 5 and 6 summarize results for noisy non-functional
associations presented in Figure 7. Associations in Figure 7
are similar to the ones in Figure 5 except for the fact that
we have added noise drawn from the uniform distribution
U[—0.05,0.05] to their sample points. Comparing Table 5
with Table 3 and Table 6 with Table 4, we can see that
the range of decrease for different associations is almost

TABLE 7: UIC(D) for different functional and non-
functional associations denoted in Figure 8. In these experi-
ments, |D| = 5000 and |D| = 10°.

.. UIC
Association T=5000 | n=10°
Linear 0.89 0.95
Parabolic 0.83 0.87
Cubic 0.88 0.95
Sinusoidal 0.78 0.91
Muslt.l-Fre(.]uency 0.43 0.76
inusoidal
Multi-Line 0.68 0.86
Independent 0.02 0
Spherical 0.44 0.54
Two-Plates 0.49 0.58
Two-Sinusoidal 0.18 0.36
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Fig. 8. Different types of multidimensional associations we have used to
test the UIC. Corresponding results are available in Tables 7 and 8.

TABLE 8: UIC(D), MIC(D), and ChiMIC(D) and their run-
time (in sec) for different functional and non-functional
associations denoted in Figure 8. In these experiments,
ID| = 10°.

Association n = 10°
x € R?, yER UIC | Time | MIC | Time | ChiMIC | Time
Linear 0.95 164 0.37 7796 0.36 6972
Parabolic 0.87 165 0.38 | 7722 0.37 6808
Cubic 0.95 164 0.29 7735 0.29 6717
Sinusoidal 0.91 165 0.01 9476 0 2316
Multi-Frequency Sinusoidal | 0.76 165 0.02 | 9372 0.01 5714
Multi-Line 0.86 165 0.28 | 7812 0.28 6840
Independent 0 164 0.01 | 9466 0 3222
Spherical 0.54 165 0.12 9034 0.12 7514
Two-Plates 0.58 165 0.07 | 9344 0.07 7580
Two-Sinusoidal 0.36 165 0.11 9078 0.1 7528

the same for both MIC and UIC. Tables 5 and 6 show
the running time for calculation of the MIC, ChiMIC, and
UIC for noisy associations presented in Figure 7 as well.
Since adding noise to sample points increases the number
of clumps in the initial grid of sample points, we observe
that compared to noiseless non-functional associations (as
reported in Table 4), it takes more time to compute the
MIC and ChiMIC for noisy non-functional associations (as
reported in Table 6). However, since the UIC calculation
algorithm performs uniform partitioning on sample points,
its computational complexity is robust to adding noise to
associations. We should note that as we can see in Tables 3
and 5, adding noise does not have a significant impact on
running time of the MIC and ChiMIC calculation algorithm
when the number of sample points is rather small.

4.3 Multidimensional Variables

We now move to experimental results for multidimen-
sional variables. Figure 8 shows multidimensional associ-
ations on which we have tested the performance of the
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UIC. In all the cases x € R? is a two-dimensional vari-
able and y € R is a one-dimensional variable. Extending
experimental results to higher dimensions is straightfor-
ward and we have chosen this setting for the sake of
visualization. Figure 8 contains functional associations (lin-
ear, parabolic, cubic, sinusoidal, multi-frequency sinusoidal,
periodic multi-line), non-functional associations (spherical,
two-plates, two-sinusoidal), and independent variables.

Table 7 reports the UIC value corresponding to different
associations in Figure 8 for two sets of experiments where
|D| = 5000 and |D| = 10°. As we can see in Table 7, the
value of the UIC for functional associations approaches to 1
as we increase the sample size. Among the functional asso-
ciations of Figure 8, the UIC shows the weakest association
for the multi-frequency sinusoidal relationship. This corre-
sponds to the same issue we previously mentioned about
the one-dimensional multi-frequency sinusoidal function in
Figure 4. As we increase the sample size we can observe a
rapid growth in the value of the UIC for the multi-frequency
sinusoidal function (Table 7). For the case of independent
variables, the UIC is equal to 0.02 for |D| = 5000 and 0
for |[D| = 10°. In other words, as we increase the sample
size, the UIC shows perfect independence. For other non-
functional associations the UIC is equal to a value that
shows neither perfect independence nor a perfect functional
association, as reported in Table 7.

As we mentioned previously, the MIC and ChiMIC are
exclusively designed for one-dimensional variables. If we
want to use them for a multidimensional setting, one way
is to compare all possible pairs of coordinates between the
two variables. In other words, if we need to check the
existence of any association between x = (z1,...,%,,) and
Yy = (y1,...,Yq), we should run the MIC and ChiMIC
between all z;5s (1 < ¢ < m) and y;s (1 < j < q). The
problem with this approach is that it needs mg times of
running the original MIC algorithm and hence, could be
computationally expensive. On the other hand, the UIC
calculation algorithm could be easily generalized for a mul-
tidimensional setting. Therefore, if x = (z1,...,2,) and
y = (Y1, -.,Yq), we do not need to check the UIC between
each z; (1 <i <m)and y; (1 < j < q) separately and can
instead directly calculate the UIC between x and y.

Table 8 shows examples of this setting on the associations
mentioned in Figure 8. If we use the UIC, it gives us a
computationally efficient response which takes almost 165
seconds independent of the type of association. However,
for the MIC and ChiMIC we need to first measure the
association between (z1,y) and (z2, y) separately since they
do not support the multidimensional setting. Once we have
these two separate measures we can combine them (e.g.,
by taking an average) to come up with a measure which
shows how associated y is to x = (z1, z2). In our examples,
since both 27 and z3 equally impact y, we have considered
a simple averaging of MIC(z1,y) and MIC(z,y) and re-
ported the numbers in Table 8. By comparing the results in
Table 8, we can observe two major points. First, the UIC
is significantly more efficient compared to the MIC and
ChiMIC in the multidimensional setting. Second, the MIC
and ChiMIC are not perfect measures for the multidimen-
sional setting. Since y is affected by both x; and x5, MIC and
ChiMIC cannot recognize the perfect relationship between
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TABLE 9: UIC(D) and its runtime (in sec) for several associations where both x and y are multidimensional. The UIC value
converges to 1 for functional associations as the sample size increases.

Association n = 10° n = 10° n =10" n = 10
x € R?, y € R® UIC value runtime UIC value runtime UIC value runtime UIC value runtime
Independent
x = (z1, 22,3, T4, 25), i ~ U[0,1] 0.001 0.2 0.001 48 0.001 1345 0.001 3240.8
y=(y1,92,93,y4,y5), yi ~ U0, 1]
Linear
x = (z1,®2,T3,T4,25), x;~ U[0,1] 1 0.2 1 4.8 1 128.9 1 3268.5
y = (2z1, 2zo, 223, 224, 225)
Cubic
x = (w1, 2, 23,24,%5), x; ~ U[0,1] 0.25 0.2 0.42 49 0.65 131.2 1 3296.1
y = (e, 23, 03, 0, 03)
Mixed
x = (z1, %2, T3, T4, T5), x; ~ U[0,1] 0.55 0.2 0.65 48 0.85 130.9 0.96 3306.2
y = (z1, x5, x3,sin(xy4), cos(xs))
10° TABLE 10: Association between the life expectancy and GDP
,\;12 TEE o] & and health expenditure. Unlike the UIC, MIC and ChiMIC
%g’"; . - y EHE %10 g : weigh both associations almost equally important.
3 ot S = Y
g 6 4 s i5 Life Expectancy vs. | UIC | MIC | ChiMIC
d o, 4 s GDP per Capita 0.26 | 0.54 0.39
£ > : Health Expenditure | 0.53 | 0.55 0.40
2% 80 90 3 70 80 90

Life Expectancy

Life Expectancy

Fig. 9. Life expectancy vs. GDP per capita and government health
expenditure for developed countries in 2010-2015. Both plots show a
positive correlation meaning that as GDP per capita and health expen-
diture grow, life expectancy increases as well.
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Fig. 10. Red circles show developed countries having the largest life ex-
pectancy but not the largest GDP per capita. Instead their governments’
health expenditure are among the largest ones.

x = (x1,22) and y by simply considering the relationship
between (y, z1) and (y, z2).

Finally, we study the case where both x and y are
multidimensional. Table 9 shows the UIC values for several
associations in which x € R® and y € R®. In Table 9
we have mentioned the details of each association since
we are not able to fully visualize them in 3D. In partic-
ular, we have considered several functional associations
(linear, cubic, mixed) and independent variables. In these
experiments, we change |D| from 10° to 10%. According
to Table 9, as we increase the sample size the UIC values
of the cubic and mixed associations converge to 1. For the
linear relationship, the UIC value is equal to 1 constantly. In
addition, for independent variables the UIC value is almost
0 constantly and independent of the sample size.

4.4 Real-World Dataset

We consider a public dataset from World Health Organi-
zation (WHO) ? which contains potential factors affecting

3. https:/ /www.kaggle.com/kumarajarshi/life-expectancy-who

the life expectancy. From this dataset, we focus on the case
of developed countries over five years (2010-2015)*. We are
interested in observing the association in two cases: first,
between the life expectancy and GDP per capita; second,
between the life expectancy and government expenditure
on health as a percentage of total government expenditure.

Figure 9 shows 120 data points in each plot and Table 10
shows the MIC, ChiMIC, and UIC values for these two plots.
The MIC and ChiMIC values are almost the same for both
plots. However, the UIC value for the relationship between
the life expectancy and health expenditure is significantly
larger than the one between the life expectancy and GDP
per capita. Therefore, compared to the UIC, the MIC and
ChiMIC are treating these associations differently. The MIC
and ChiMIC describe both associations as almost equally
strong while the UIC describes the association between the
life expectancy and health expenditure as the stronger one.

While there is a positive correlation between the GDP
per capita and life expectancy, there are several developed
countries that have the largest life expectancies while their
GDP per capita are not among the largest ones. These
countries are determined by red circles in the right plot of
Figure 10. If we observe the government health expenditure
of these countries in the left plot of Figure 10, we notice
that their governments health expenditure are among the
largest ones as well. This shows that in the WHO dataset
there exist developed countries that their life expectancies
and health expenditures are among the largest ones but their
GDP per capita are not. Therefore, for this dataset one can
expect a stronger association between the life expectancy
and government health expenditure compared to the GDP
per capita. While the UIC results in Table 10 confirm this
observation, the MIC and ChiMIC on the other hand, weigh
both associations equally. This is another example that
shows how our measure could outperform the MIC.

4. WHO_Dataset.csv in https://github.com/alimousavil988 /UIC



5 CONCLUSIONS

In this paper we introduced the UIC that is a novel measure
of association between two multidimensional variables and
is able to detect both linear and non-linear associations.
While our proposed measure is inspired by the MIC [1],
it is different in several ways. The MIC uses dynamic
programming to find an optimal grid of data while our ap-
proach uses uniform partitioning. This makes our approach
computationally more efficient and robust to the type of
associations at the cost of not strictly maximizing the mutual
information as done by the MIC. Furthermore, we showed
that uniform partitioning allows us to simply extend our
approach to multidimensional variables. For future work,
we plan to study learning-based approaches for detecting
associations. In particular, we leave studying neural mutual
information estimators [30] and their out of distribution
generalization [31] as avenues for the future research.
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APPENDIX A
PROOF OF PROPOSITION 3.1

Proof. For an a € R?, we denote by gi(c) the sub-level
function of function h(-), i.e.,

gn(@) = A({x: h(x) < a}), )

where A(T) denotes the fraction of sample points in the set
T. Consequently

gn(@) = Fy(a) = P(h(x) < o), ®)

where Fy(-) denotes the cumulative distribution function
(CDF) and P(-) denotes the probability function. Using this
notation and assuming that we uniformly partition all axes
corresponding to y by £, rows, we can write the entropy of
resulting partition Q as

Ply<a)=

H(Q) )
Ly—10,—1  £,—1
:722 ZP 11,12,...,iq))
i1=0 ip=0  iy=0
X IOg(P(Q = (ilaiQa e azq)))
Ly—10,—1  £,—1
i1=0 ip=0  ig=0
P(. <yl @ o q“)
by~ ‘ ty _ by Y ‘
xlog(P <L1 <y < 721—&—1’_”72& <y < L+1>)
&y &y &y ty
—14,—
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i1=0 i2=0 iq —O o aaiq
1 Oqgh(ail, e )
x log | — g
& <zz Dy, .. Do,

Where (a) holds according to the mean value theorem and
7 < < ]H forall 1 < j < g, respectively. If without

loss of generahty we assume that min(¢;, ¢,) = £,, then we
have
H
(Q:I) (10)
log (&)
B _‘yi ‘yi ‘i 1 gn(ai,... o)
e o tylog (03)  Oay, ...0q;,
3qgh(oz,;1, e 71 )
1 q
%108 ( 8041-1 e aOZiq
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+ i 11
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Therefore, in the asymptotic setting where n — oo (and
accordingly ¢, — 00), we can write

HQ
£y —r00 log(&q,)
Ly—14,—1 L,—1
A <~ 1 gp(ai,,... ay,)
= lim .. — !
£y —r00 ilz:O l;) iqZ:O fz (9041-1 - 80%
=1, (12)

11

£y—1 £y—1 ly,—1 1 6qgh((¥i1,-~-’0¢z‘ )
since limy, o0 22570 D it—0 -+ 2il=o0 T —: — .

the Riemann integral of function gy (-). Since hU) i R™ — R
and |Vh(3)(x)| < o0, for every 1 < u < m there exists a
¢ < oo such that we have

‘hm (X . iu) _ R0 (x)
gy

where e, € R™ is the unit vector in the direction of u-axis.
Equation (13) states that for any particular column of the
x-axes partition, the curve of the function passes through at
most ¢ + 1 cells of that column. We use this fact in upper-
bounding H (Q|P). Similar to (9), we can write

is

< (13)

Cc
VR
gy

(QIP—k) (14)
—1 Ly—1
:_ZZ ZP = (i1,...,iq)|P = k)
11 =0 i2=0 iq=0
x log (P(Q = (i1,...,iq)|P =k))

p(ﬁgy(l) <M’...7ﬁ§y(q)<w‘13:k>
Ly 4y Ly l,

‘ o -
1og(|>(2—1§y<1><—“€+ e gy @ <t IP:k)>
o by—10,—1  £,—1
= _Z Z Z gqulx (iys o004, [P =Kk)

i1=0i5=0  i,=0

log <€7qu|x(ai17 ce 7O(iq|].:) = k)) y
Y
(15)

where in (a) fyx(.|.) is the conditional probability distri-
bution function (PDF) of y given x. If we define k* =
argmaxy H(QIP = k), then H(Q|P) kPP =
kK)H(Q|P = k) < H(Q|P = k*). Therefore, given (13),
we can simplify (14) and write

H(Q[P) 16)
c1+c ca2+c cqtc
S S T SE VIR
i1=c1 t2=C2 ig=cq Yy
log (fy|x(oz7;1 N 78 |P — k*))
c1+c ca2+c cqtc

+Z Z qufy\xanv"'a

’Ll C1 22 Cc2 1q—cq

a;,|P = k*)log(£]).

Accordingly, in the asymptotic setting where n — oo
(and accordingly ¢, — 00), we can write

HQ|IP
wn HQP) -
Ly—00 log(gy)
c1+c cate cqtc 1
Seh_r}loo Z Z Z g—qu‘x(ail,...,aiq|P:k*)
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where the last equality holds since - — 0 but ¢ < 0. Asa
result ‘

. _ I(P;Q)
eyh—IPOO uIe(p) = log(min{¢m, ¢3}) (18)
_H(Q-HQIP)
log(min{lr, £5})
O
APPENDIX B

PROOF OF PROPOSITION 3.2

Proof. Similar to the proof of Proposition 3.1, we uniformly
partition all axes corresponding to y by £, rows, and all axes
corresponding to x by £, rows. Let n;; denote the number of
datapoints that fall in the cell where x = iand y = j. We can
write ny; = Y, _; di, where dj, = 1 with probability P(x =
i,y =j) and d = 0 with probability 1 — P(x =i,y = j).
Therefore, since E[n;;] = np;; where p;; = P(x =i,y =j),
according to the Chernoff bound we can write

i 6% npy;

p (|2 —py| = dpg) <27 (19)
for all 0 < 6 < 1. If we define €5 = ﬁ, we can rewrite
(19) as

_6277’pij
P (e >0) <23, (20)
forall 0 < 6 < 1. If we let § = ————, (20) would turn
v/ pi; log(n)
into

1 —n
P | l65] > ————= | < 2e50s(m). (21)
pijlog(n)

Therefore, if we apply the union bound over different is and
different js, we have

1 —n
P leij] > ——=—== | <207'lles™e Vi j.  (22)
Dij log(n)

Since we bound the size of partitions similar to [1], we have
€704 = O(n'~¢) and hence €5 — 0, in probability.

We can write the mutual information as the Kullback—
Leibler (KL) divergence of the product of marginal distribu-
tions P(Q)P(P) from the joint distribution P(Q, P).

1(P; Q) = DkL(P(Q,P),P(Q)P(P))

N i
_ 1) n
= § o log Ay T
ij n

n

(23)

= pij(1 +e55) log(1 + &) — pig (1 + &) log(1 + ;)
ij
— pi_j(l + €ij) log(l =+ Gj)

(2 Zpij(l + Gij)(Gij — (’)(ei)) —pij(l + Gij)(Ei — 0(612))
~py(1 + ) — O(),

where (a) holds because of the Taylor series expansion of
log(1 + €;5). Since €3 — 0 in probability, it is easy to show
that eizj, € = Zj €5, and 5 = Y. €; also converge to 0 in
probability and hence, I(P; Q) — 0. O
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APPENDIX C
PROOF OF COROLLARY 3.3

Proof. The proof is similar to the univariate case we pre-
sented in [24] and hence, here we present a proof sketch.
Since I(P,Q) = H(Q) — H(Q|P), we need to have an
upper-bound on H(Q|P) in order to determine a lower-
bound on I(P, Q). According to the entropy definition, we
can write

H(Q) = [D|log(|DJ) — D | 10|g]§||D1|) — [D2|log(|D2|)

(24)

In addition, as we have shown in the univariate case [24],
we can upper-bound the H(Q|P) as the following

r

HQIP) < 25)
The lower-bound is then derived by combining (24) and
(25). O
APPENDIX D

PROOF OF LEMMA 3.4

Proof. Let I(-) denote the indicator function. We can charac-
terize the fraction of sample points in N as the following

65{) _ Wl (26)
n
1Y 1 1
= EZIOXE ) —X; )| < 6n,...,|x§m) —X;m)‘ < n)-
i=1
Therefore we have
E[el)] = (25,)™.
Using the Hoeffding inequality, we can write
P(|e¥) —E[eD)]] > 1) < 2¢72°m, @7)
If welett = @, then limnﬁoo(eg)) = (20,)™. O

APPENDIX E
PROOF OF COROLLARY 3.6

Proof. According to the Lemma 3.5, we can write

. 42 n
P{maxi<;<n |Z§-J)| >t} < 2ne 252" . The result then follows
from letting t =

—— and ¢, = ¢ which was derived in
(6). O
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